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We show that f(R)-gravity can, in general, give rise to cosmological viable models compatible
with a matter-dominated epoch evolving into a late accelerated phase. We discuss the various rep-
resentations of f(R)-gravity as an ideal fluid or a scalar-tensor gravity theory, taking into account
conformal transformations. We point out that mathematical equivalence does not correspond, in
several cases, to the physical equivalence of Jordan frame and Einstein frame. Finally, we show that
wide classes of f(R) gravity models, including matter and accelerated phases, can be phenomenolog-
ically reconstructed by means of observational data. In principle, any popular quintessence models
could be ”reframed” as an f(R)-gravity model.
PACS numbers: 98.80.-k, 98.80.Es, 97.60.Bw, 98.70.Dk
1. Up to ten years ago, the paradigm of cosmology has
been the Cosmological Standard Model inspired by Ein-
stein’s General Relativity (GR), the Big Bang model and
particle physics. Recently, several observational surveys
have provided high quality data giving rise to the so
called precision cosmology by which the nowadays picture
of the universe results radically different from the stan-
dard Einstein-Friedman model. Specifically, the Hub-
ble diagram of Type Ia Supernovae [1], anisotropies in
the cosmic microwave background radiation [2], matter
power-spectrummeasured in optical surveys of large scale
structures [3] have convincingly given the picture of a
spatially flat universe in a phase of accelerated expansion
(for a review see [4]). The new theoretical scenario seems
consistent only if huge amounts of dark components, usu-
ally treated as fluids, are introduced into the game [5, 6].
In particular, in order to drive the observed cosmic accel-
eration and to fill the gap between the matter-energy con-
tent and the critical density of a spatially flat universe,
a negative pressure fluid, not clustered at small scales, is
needed. The dramatic result is that this mysterious and
unexpected component, referred to as Dark Energy, adds
to the already supposed presence of the Dark Matter nec-
essary to fit the astrophysical data at smaller clustered
scales. In the simplest scenario (Concordance Λ -CDM
model) [7], dark energy is interpreted as the cosmologi-
cal constant, contributing for 70% to the whole energy
budget, while the remaining 30% is constituted for 4%
of baryons and for 25% of cold dark matter. Such a kind
∗Electronic address: capozziello@na.infn.it
†Electronic address: nojiri@phys.nagoya-u.ac.jp,
snojiri@yukawa.kyoto-u.ac.jp
‡Electronic address: odintsov@ieec.uab.es also at Lab. Fundamen-
tal Studies, Tomsk State Pedagogical University, Tomsk
§Electronic address: antro@na.infn.it
of dark matter is typically addressed to exotic particles
such as, e.g., WIMPs or axions, nevertheless, up to now,
no definitive proof of their existence has been achieved
[8]. This model, although satisfactory from an observa-
tional point of view, is anyway theoretically disfavored
since there is a huge (∼120 orders of magnitude) differ-
ence between the predicted and observed values of Λ.
In order to overcome the cosmological constant problem,
many alternative models have been proposed. Unfortu-
nately, none of these attempts is fully satisfactory, since
they mostly lead to ‘ad hoc’ cosmologies, not well the-
oretically and/or observationally founded (for a review
see[9, 10]).
A different approach to face this challenge can be pur-
sued reversing the problem and considering extended
modified gravity compatible with the observational re-
sults. This scheme possesses the relevant feature that
experimental data turn out to be naturally interpreted
without the need of additional components/fluids. Of
course, modifying the gravity from the Einstein GR im-
plies several theoretical issues. In particular, one has
to be able to match GR prescriptions, at least at the
post-parameterized-Newtonian limit [11], and recover the
positive and well-established results of standard cosmol-
ogy. The attempt of extending GR is indeed theoret-
ically and physically appealing. In fact, rather than
formulating a different approach radically changing the
rules on the standard one, one can straightforwardly ex-
tend the properties of Einstein gravity. In such a way,
the theoretical foundations remain the same, but the
search for a different theory of gravity can be essentially
pursued by inferring physical features directly from the
data. Actually, among Extended Theories of Gravity,
f(R) - gravity [10, 12, 13] represents a viable alternative
to dark energy and naturally gives rise to accelerating
singularity-free solutions in early and late cosmic epochs.
[14, 15, 16, 17, 18]. Furthermore, it has to be remarked
2that higher-order terms in the gravity Lagrangian are re-
quired in theories attempting to formulate a satisfactory
quantum field theory on curved space-times [19] and can
descend from the low energy limit of String/M-theory
[20]. These theories fit quite well the data on the SNeIa
Hubble diagram [21] and can also give interesting theoret-
ical predictions with respect to the CMBR observational
results [22].
f(R) Lagrangians in the gravitational action, con-
ceived as analytic functions of the Ricci scalar, deserve a
special attention. These actions are the simplest among
those which can be constructed by the curvature tensor
invariants and their covariant derivatives [9]; they allow
to determine stable models with respect to small pertur-
bations around maximally symmetric solutions and to
avoid ghost-like behaviors in effective field theory. Be-
side cosmology, such models could have interesting con-
sequences at galactic and Solar System scales. In fact, al-
though still controversial, the PPN limit of several f(R)
theories of gravity could be reconciled with the gravita-
tional experiments, furnishing a theoretical background
for some measured deviation from GR [23, 24]. How-
ever, these results need a deeper investigation and such
a purpose will be pursued together some gravity ded-
icated experiments [25]. However it is worth stressing
that f(R) theories, in particular their simplest power law
form f(R) = f0R
n, represent a viable model even from
the astrophysical point of view. It is in fact possible to
demonstrate that they can furnish a natural mechanism
to interpret the astrophysical data at galactic scales. Ac-
tually, thanks to the corrections to the Newton potential
which they give rise in the low energy limit [42, 43], one
could achieve a geometrical explanation to the missing
matter problem (as suggested also by other alternative
approaches as MOND [26], which recently have been re-
lated to higher order gravity itself [27].
An important issue regarding fourth order/modified
gravity is represented by its peculiarity to be recast in a
(non) -minimally coupled scalar-tensor theory by means
of a conformal transformation, namely, from the Jordan
frame to the Einstein one. In this way, in principle, one
can pass from higher order gravity to scalar-tensor grav-
ity and vice-versa. From a formal point of view, this
procedure is absolutely plausible while its physical rele-
vance is still controversial, [28, 29, 30] and, up to now,
there is no privileged point of view regarding the physi-
cal relevance of conformal transformations which remains
still debatable [30].
Following standard approaches, one cannot conclude
univocally about the physical relevance of the results. In
general, it is customary to pursue conformal transforma-
tions with the aim of studying a physical problem de-
veloped in the Jordan frame and then mapping it in the
Einstein frame where the equations turn out to be math-
ematically simpler. Therefore, Einstein frame equations
are solved and the solutions are considered as physically
significant [31, 32, 33]. Despite several results achieved
along this line, in order to get the physical meaning of
the problem, a back mapping of the results obtained
in the Einstein frame to the original Jordan one (see
i.e. [34, 35]) has to be in order. In general, the back-
transformation to the Jordan frame does not assure to
get well endowed physical solutions. It has been even
widely demonstrated that passing from one frame to the
other can completely change the physical meaning as well
as the stability of the solutions one is dealing with [36].
For example a scalar field quintessence model can roll a
V˜ (φ˜) potential motivated by particle physics in the Ein-
stein frame, while its back-transformation to the Jordan
frame corresponds to a potential V (φ) with no physical
interest. Furthermore, in the same sense, if a solution
is accelerating in one frame, its conformally transformed
counterpart in the other frame is not necessarily acceler-
ating too [33], or equivalently, if one obtains a phantom
model in the Einstein scheme, its mapping in the Jordan
frame does not give, in general, a phantom-like evolution
[37]. For example, if one takes into account a conformally
coupled scalar field with the potential V˜ (φ˜) = λφ˜4 in the
Einstein frame [33], the conformal anti-transformation of
such a potential gives :
V (φ) =
(
3
2k
)2
λ
(
1− k
6
φ2
)2
ln4
√
k/6φ+ 1√
k/6φ− 1 , (1)
which is difficult to be physically interpreted. Such a
problem is particularly relevant if standard matter is con-
sidered in the field equations due to non-minimal cou-
plings arising thanks to the conformal transformations.
As an example, there is a recent result where a solution
obtained from f(R)-gravity, transformed in the Einstein
frame and connecting the radiation epoch to the acceler-
ating attractor, a˜ ∼ t˜3/5, is considered non-physically rel-
evant since its back transformation in the Jordan frame
gives a(t) = t1/2 which does not accord with the ex-
pected dust matter dominated regime [38]. The inter-
pretation of the result is difficult and controversial since
assuming a priori the Einstein frame as ”physical”, we
should rule out f(R)-theories. This means that, despite
several positive results achieved from extended modified
theories of gravity, without some hints coming from the
original framework in which the theory is conceived there
is no way for a clear physical interpretation of what is go-
ing on. In other words, is it correct to obtain a solution
in a frame and then interpret it in another frame?
In this paper, we discuss how extended gravity (in par-
ticular f(R)-gravity) can be dealt under the standard of
an ideal fluid description or transformed to a (mathe-
matically) equivalent scalar-tensor theory. We show that
the three descriptions could not be physically equivalent.
For example, the phantom phase in one of the three ap-
proaches can corresponds to non-phantom phase into an-
other one. Furthermore, it is possible to show that a dust-
matter regime can be obtained in a f(R)-gravity sce-
nario, and, in particular, its evolution can be connected
to a late time stage of accelerating expansion, without
considering conformal transformations. In Appendix it
3is demonstrated how any realistic cosmology may be re-
alized via the reconstruction of modified gravity. These
facts point out that the mathematical equivalence among
Jordan, Einstein and ”fluid” descriptions does not neces-
sarily implies physical equivalence and solutions should
be carefully studied into the frames in which they are
obtained.
2. In this section, we show that modified gravity can
be transformed also to GR with standard ideal fluid, so
actually two Einstein frames exist!
Let us start from the action of the f(R)-gravity:
S =
∫
d4x
√−gf(R) . (2)
Here f(R) is a function of the scalar curvature R. For
example,
f(R) =
1
2κ2
R − c1
Rn
, (3)
is a generalization of the model in [16]. In (3), as long as
n > −1, n is not restricted to be an integer but can be
an arbitrary real number. As a more generalized model,
we may consider[17]
f(R) =
1
2κ2
R− c1
Rn
+ c2R
m , (4)
Here we assume m > 1. When the curvature is small,
the behavior of the model (4) is not changed much from
that of (4) but the model may describe the inflation in
the early universe. In the following, we assume c1,2 > 0.
For the model (2), Starobinsky has proposed a condi-
tion
d2f(R)
dR2
> 0 , (5)
which could be necessary for the stability of FRW solu-
tions and for the existence of the positive mass squared
for the “scalaron”. For the model (3), the condition gives
− n(n+ 1)c1
Rn+2
> 0 , (6)
which could be satisfied if −1 < n < 0 when c1 > 0 and
R > 0. And for the model (4), we find
− n(n+ 1)c1
Rn+2
+m(m− 1)c2Rm−2 > 0 . (7)
Then if c1, c2, R > 0, we find
c2 >
n(n+ 1)c1
m(m− 1)Rn+m . (8)
The condition is satisfied again if −1 < n < 0. When
n > 0 (we do not consider the case n = 0 since it corre-
sponds to the cosmological constant), the condition (8)
is satisfied if c2 is large enough. Since the condition (8)
depends on the curvature, even if the condition could be
satisfied in the present universe, when the curvature be-
comes smaller, the condition (8) may be violated. This
may indicate that even more terms should be considered
in modified gravity action in the future universe. Cur-
rently, such terms may be next-to-leading order but they
may become essential at extremely small curvature.
Technically, the action (2) can be rewritten in the form
of the scalar-tensor theory. By introducing the auxiliary
fields, A and B, one can rewrite the action (2) as follows:
S =
∫
d4x
√−g {B (R−A) + f(A)} . (9)
One is able to eliminate B, and to obtain
S =
∫
d4x
√−g {f ′(A) (R−A) + f(A)} , (10)
and by using the conformal transformation gµν → eσgµν(
σ = − ln (2κ2f ′(A))), the action (10) is rewritten as the
Einstein-frame action:
SE =
1
2κ2
∫
d4x
√−g
{
R− 3
2
gρσ∂ρσ∂σσ − U(σ)
}
.
(11)
Here,
U(σ) = eσG
(
e−σ
)− 2κ2e2σf (G (e−σ))
=
A
2κ2f ′(A)
− f(A)
2κ2f ′(A)2
, (12)
and G is defined by G
(
2κ2f ′(A)
)
= A, that is the inverse
function of 2κ2f ′. In case of (3), we find
U(σ) = (n+ 1)
(
2κ2a
) 1
n+1 e2σ
(
e−σ − 1) nn+1 . (13)
In principle, the inverse process is possible, that is, by
starting from the action of the Einstein gravity coupled
with scalar field, one can obtain the f(R) action. By
writing
ϕ = ± 1
κ
√
3
2
σ , V˜ (ϕ) =
1
2κ2
U
(
±κ
√
2
3
ϕ
)
, (14)
we can start from the following action:
S =
∫
d4x
√−g
{
1
2κ2
R− 1
2
∂µϕ∂
µϕ− V˜ (ϕ)
}
. (15)
Then one can use the back conformal transformation
gµν → e±κϕ
√
2
3 gµν , (16)
and make the kinetic term of ϕ vanish. Hence, one ob-
tains
S =
∫
d4x
√−g
{
e±κϕ
√
2
3
2κ2
R − e±2κϕ
√
2
3 V˜ (ϕ)
}
. (17)
4Since ϕ becomes the auxiliary field, one can delete ϕ by
using as an equation of motion:
R = e±κϕ
√
2
3
(
4κ2V˜ (ϕ)± 2κ
√
3
2
V˜ ′(ϕ)
)
, (18)
which can be solved with respect to ϕ as ϕ = ϕ(R). The
action (17) is re-incarnated in the form of f(R)-gravity,
that is:
S =
∫
d4x
√−gf(R) ,
f(R) ≡ e
±κϕ(R)
√
2
3
2κ2
R
−e±2κϕ(R)
√
2
3 V˜ (ϕ(R)) . (19)
Therefore f(R)-gravity theory is mathematically equiva-
lent to the scalar-tensor theory which does not yet mean
their physical equivalence [37].
Let W be the inverse function of V˜ (ϕ): W (V˜ (ϕ)) = ϕ.
Then if we can solve the following differential equation1
− 1
κ
√
−2dh(φ)
dφ
=
d
dφ
(
W
(
1
κ2
(
3h(φ)2 +
dh(φ)
dφ
)))
,
(20)
with respect to h(φ), we can further rewrite the action
(15) as
S =
∫
d4x
√−g
{
1
2κ2
R− 1
2
ω(φ)∂µφ∂
µφ− V (φ)
}
.
(21)
Here
ω(φ) = − 2
κ2
h′(φ) , V (φ) =
1
κ2
(
3h(φ)2 + h′(φ)
)
,
(22)
and
ϕ =
∫
dφ
√
|ω(φ)| . (23)
For the action (21) with (22), if we can neglect contribu-
tions from other matter fields, the following solution of
the FRW equations can be found [40]:
φ = t , H = h(t) . (24)
Furthermore one finds the following, effective equation of
state (EoS):
p = −ρ− 2
κ2
h′
(
h−1
(
κ
√
ρ
3
))
, (25)
1 A trivial solution of (20) is h(φ) = h0 with a constant h0. The
solution corresponds to de Sitter universe. We should note that
f(R)-gravity, in general, admits the de Sitter solution. The h =
h0 solution could correspond to the de Sitter solution in f(R)-
gravity.
Here ρ and p are the scalar energy density and the pres-
sure defined as:
ρ =
1
2
ω(φ)φ˙2 + V (φ) , p =
1
2
ω(φ)φ˙2 − V (φ) . (26)
We should note that there is almost one to one (up to
integration constants) correspondence between V˜ (ϕ) in
(22) and h(φ), and therefore the corresponding EoS ideal
fluid (25). Then for arbitrary f(R)-gravity, in principle,
one can find the corresponding ideal fluid EoS description
(what maybe considered as yet another Einstein frame).
As an example, the small curvature case for (3) may
be considered. Hence,
U(σ) ∼ (n+ 1) (2κ2a) 1n+1 en+2n+1σ , (27)
or by using (14),
V˜ (ϕ) =
(n+ 1)
(
2κ2a
) 1
n+1
κ2
e±
n+2
n+1κ
√
2
3ϕ . (28)
In (28), the two signs ± are independent with each other.
Then W (20) has the following form:
W (x) = ±n+ 1
n+ 2
1
κ
√
3
2
ln
(
κ2
(n+ 1)(2κ2a)
1
n+1
x
)
. (29)
Here x is an a-dimensional variable, which is used to
express the function W . Then a non-trivial solution for
(20) is given by
h(φ) = 3
(
n+ 1
n+ 2
)2
1
φ
. (30)
Using (25), we find an EoS with constant EoS parameter
w:
p = wρ , w =
2
9
(
n+ 2
n+ 1
)2
− 1 . (31)
For instance, if
n = −3− 2
√
3
3−√2 > −1 , (32)
we find w = 0, which corresponds to dust. On the other
hand, if
n = −
√
3− 2√
3− 1 > −1 , (33)
it follows w = 1/3, which corresponds to radiation.
Hence, extended modified gravity may be presented in
mathematically equivalent form as GR with ideal fluid!
Note that as we have used the scale transformation,
the cosmology appears in a different way in the frame
corresponding to (3) from the frame corresponding to
5(15). In the frame corresponding to (15), which we call
the Einstein frame, by using (24) and (30), we find
H = 3
(
n+ 1
n+ 2
)2
1
t
or a ∝ t3(n+1n+2 )
2
, (34)
and by using (14), (23), and (16),
σ = ±2
(
n+ 1
n+ 2
)2
ln
t
t0
. (35)
Here t0 is a constant of the integration in (23). The
time coordinate tJ and the scale factor aJ in the frame
corresponding to (3), which we call as the Jordan frame,
is related with t and a in the Einstein frame as
dtJ = e
σ/2dt ∝ t±(n+1n+2 )
2
dt ,
aJ = e
σ/2 ∝ t±n+1n+2+3(n+1n+2 )
2
. (36)
Hence, one gets
aJ = t
h±
J
J ,
h±J =
(n+ 1)(4n+ 5)
(2n+ 3)(n+ 2)
,
(n+ 1)(2n+ 1)
n+ 2
. (37)
The latter Eq.(37) reproduces the standard result. We
should note that the cosmology is really changed in the
two frames. In the Einstein frame (34), we find always
H˙ < 0, which corresponds to non-phantom phase. On
the other hand, in the Jordan frame, we find
HJ ≡ a˙J
aJ
=
(n+ 1)(2n+ 1)
n+ 2
1
t
. (38)
Then if −1 < n < −1/2, it follows H˙ > 0, which corre-
sponds to phantom phase. We should note that in the
phantom regime −1 < n < −1/2, Starobinsky’s condi-
tion (5) is satisfied. Hence, we demonstrated that math-
ematical equivalence does not always means the physi-
cal equivalence (the same point of view was recently ex-
pressed in [41]). In conclusion, we can state that the
existence of so many different frames indicates that only
one, the original frame, can be considered the physical
one.
3. As we have seen, by performing a conformal trans-
formation on a modified gravity Lagrangian f(R), it is
possible to achieve, in the Einstein frame, dust matter
behaviours which are compatible with observational pre-
scriptions. In addition, by exploiting the analogy be-
tween the two frames and between modified gravity and
scalar-tensor gravity one can realize that physical re-
sults, in the two conformally related frames, could be
completely different. In other words one can pass from
a non - phantom phase behaviour (Einstein frame) to a
phantom regime (Jordan frame). Now, we can suppose
to change completely the point of view. In fact, we can
rely directly with the Jordan frame and we can verify
if a dust matter regime is intrinsically compatible with
modified gravity.
As a first example, one can cite the exact solution pro-
vided in [21], which has been deduced working solely in
the Jordan Frame (FRW universe). In particular, one is
able to find a power law regime for the scale factor whose
rate is connected with the power n of the Lagrangian
f(R) = f0R
n. In other words, one has a(t) = a0t
α with
α = −2n
2+3n−1
n−2 . Such an exact solution is found out
when only baryonic matter is considered [42, 43]. It is
evident that such a solution allows to obtain an ordinary
matter behaviour (α = 2/3) for given values of the pa-
rameter n (i.e. n ∼ −0.13, n ∼ 1.29). Such solutions
are nevertheless stable and no transition to acceleration
phase then occurs. In general, it is possible to show that
solutions of the type
a = a0(t− t0)
2n
3(1+w) , (39)
where w is the barotropic index of standard perfect fluid,
arises as a transient phase, and this phase evolves into an
accelerated solution representing an attractor for the sys-
tem [44]. In any case, a single solution exactly matching,
in sequence, radiation, matter and accelerated phases is
unrealistic to be found out in the framework of simple
f(R)-power law theories. The discussion can be further
extended. Modified gravity can span a wide range of an-
alytic functions of the Ricci scalar where f(R) = f0R
n
only represents the simplest choice. In general, one can
reverse the perspective and try to derive the form of grav-
ity Lagrangian directly from the data or mimicking other
cosmological models. Such an approach has been de-
veloped in [45], and allows to recover modified gravity
Lagrangians by the Hubble flow dynamics H(z): in par-
ticular, it is possible to show that wide classes of Dark
Energy models worked out in the Einstein frame can be
consistently reproduced by f(R)-gravity as quintessence
models with exponential potential [46]. Clearly the ap-
proach works also for the case of coupled quintessence
scalar field. In other words, the dynamics of H(z), con-
sidered in the Jordan frame, is reconstructed by observa-
tional data considered in the Einstein frame then assum-
ing one of the two frames as the ”physical frame” could
be misleading. Here we further develop this approach
with the aim to show the viability of f(R) gravity to re-
cover a matter-dominated phase capable of evolving in a
late accelerating phase.
From a formal point of view, the reconstruction of the
gravity Lagrangian from data is based on the relation
which expresses the Ricci scalar in terms of the Hubble
parameter :
R = −6
(
H˙ + 2H2 +
k
a2
)
. (40)
Now, the modified gravity field equation reads [15, 21]:
Gαβ = Rαβ − 1
2
Rgαβ = T
(curv)
αβ + T
(m)
αβ (41)
6where a stress - energy tensor summing up all the higher
order contributions is defined. It plays the role of an
effective curvature fluid :
T
(curv)
αβ =
1
f ′(R)
{gαβ [f(R)−Rf ′(R)] /2+
+ f ′(R);µν (gαµgβν − gαβgµν)} (42)
while the matter term enters Eq.(41) through the modi-
fied stress - energy tensor T
(m)
αβ = T˜
(m)
αβ /f
′(R) with T˜
(m)
αβ
the standard minimally coupled matter stress - energy
tensor. Starting from this general scheme, one can re-
construct the form of f(R) from the Hubble parameter
as a function of the redshift z exploiting the relation (40)
after this expression has been rewritten in term of the
redshift itself. A key role in this discussion is played by
the conservation equation for the curvature and the mat-
ter fluids which, in the case of dust matter, (i.e. pm = 0)
gives :
ρ˙curv + 3H(1 + wcurv)ρcurv = − 1
f ′(R)
(ρ˙m + 3Hρm)
−ρm df
′(R)
dt
. (43)
In particular, one may assume that the matter energy
density is conserved :
ρm = ΩMρcrita
−3 = 3H20ΩM (1 + z)
3 (44)
with z = 1/a− 1 the redshift (having set a(t0) = 1), ΩM
the matter density parameter (here and hereon quantities
labelled with the subscript 0 refers to present day (z = 0)
values). Eq.(44) inserted into Eq.(43), allows to write a
conservation equation for the effective curvature fluid :
ρ˙curv + 3H(1 + wcurv)ρcurv = 3H
2
0ΩM (1 + z)
3
× R˙f
′′(R)
[f ′(R)]
2 . (45)
Actually, since the continuity equation and the field equa-
tions are not independent [45], one can reduce to the fol-
lowing single equation
H˙ = − 1
2f ′(R)
{
3H20ΩM (1 + z)
3 + R¨f ′′(R)+
+R˙
[
R˙f ′′′(R)−Hf ′′(R)
]}
, (46)
where all quantities can be expressed in term of redshift
by means of the relation ddt = −(1+z)H ddz . In particular,
for a flat FRW metric, one has :
R = −6
[
2H2 − (1 + z)HdH
dz
]
, (47)
f ′(R) =
(
dR
dz
)−1
df
dz
, (48)
f ′′(R) =
(
dR
dz
)−2
d2f
dz2
−
(
dR
dz
)−3
d2R
dz2
df
dz
, (49)
f ′′′(R) =
(
dR
dz
)−3
d3f
dz3
+ 3
(
dR
dz
)−5(
d2R
dz2
)2
df
dz
+
−
(
dR
dz
)−4(
3
d2R
dz2
d2f
dz2
+
d3R
dz3
df
dz
)
. (50)
Now, we have all the ingredients to reconstruct the shape
of f(R) by data or, in general, by the definition of a suit-
able H(z) viable with respect to observational results. In
particular, we can show that a standard matter regime
(necessary to cluster large scale structure) can arise, in
this scheme, before the accelerating phase arises as in the
so called quiessence model. A quiessence model is based
on an ordinary matter fluid plus a cosmological compo-
nent whose equation of state w is constant but can scat-
ter from w = −1. This approach represents the easiest
generalization of the cosmological constant model, and
it has been successfully tested against the SNeIa Hubble
diagram and the CMBR anisotropy spectrum so that it
allows to severely constraint the barotropic index w [47].
It is worth noticing that these constraints extend into
the region w < −1 therefore models (phantom models)
violating the weak energy condition are allowed. From
the cosmological dynamics viewpoint, such a model, by
definition, has to display an evolutionary rate of expan-
sion which moves from the standard matter regime to
the accelerated behaviour in relation to the value of w.
In particular, this quantity parameterizes the transition
point to the accelerated epoch. Actually, if it is pos-
sible to find out a f(R)-gravity model compatible with
the evolution of the Hubble parameter of the quiessence
model, this result suggests that modified gravity is com-
patible with a phase of standard matter domination. To
be precise, let us consider the Hubble flow defined by this
model :
H(z) = H0
√
ΩM (1 + z)3 +ΩX(1 + z)3(1+w) (51)
with ΩX = (1−ΩM ) and w the constant parameter defin-
ing the dark energy barotropic index. This definition of
the Hubble parameter implies2 :
R = −3H20
[
ΩM (1 + z)
3 +ΩX(1− 3w)(1 + z)3(1+w)
]
.
(52)
The ansatz in Eq.(51) allows to obtain from Eq.(46) a
differential relation for f(R(z)) which can be solved nu-
merically by choosing suitable boundary conditions. In
particular we choose :(
df
dz
)
z=0
=
(
dR
dz
)
z=0
, (53)
2 Note that R is always negative as a consequence of the signature
{+,−,−,−} adopted. If we had used the opposite signature,
Eq.(52) is the same, but with an overall positive sign.
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d2f
dz2
)
z=0
=
(
d2R
dz2
)
z=0
. (54)
f(z = 0) = f(R0) = 6H
2
0 (1− ΩM ) +R0 . (55)
A comment is in order here. We have derived the present
day values of df/dz and d2f/dz2 by imposing the consis-
tency of the reconstructed f(R) theory with local Solar
System tests. One could wonder whether tests on local
scales could be used to set the boundary conditions for a
cosmological problem. It is easy to see that this is indeed
meaningful. Actually, the isotropy and homogeneity of
the universe ensure that the present day value of a what-
ever cosmological quantity does not depend on where the
observer is. As a consequence, hypothetical observers liv-
ing in the Andromeda galaxy and testing gravity in his
planetary system should get the same results. As such,
the present day values of df/dz and d2f/dz2 adopted
by these hypothetical observers are the same as those
we have used based on our Solar System experiments.
Therefore, there is no systematic error induced by our
method of setting the boundary conditions.
Once one has obtained the numerical solution for f(z),
inverting again numerically Eq.(52), we may obtain z =
z(R) and finally get f(R) for several values of w. It
turns out that f(R) is the same for different models for
low values of R and hence of z. This is a consequence
of the well known degeneracy among different quiessence
models at low z that, in the standard analysis, leads to
large uncertainties on w. This is reflected in the shape of
the reconstructed f(R) that is almost w - independent in
this redshift range. An analytic representation of the re-
constructed fourth order gravity model, can be obtained
considering that the following empirical function
ln (−f) = l1 [ln (−R)]l2 [1 + ln (−R)]l3 + l4 (56)
approximates very well the numerical solution, provided
that the parameters (l1, l2, l3, l4) are suitably chosen for
a given value of w. For instance, for w = −1 (the cosmo-
logical constant) it is :
(l1, l2, l3, l4) = (2.6693, 0.5950, 0.0719,−3.0099) .
At this point, one can wonder if it is possible to improve
such a result considering even the radiation, although
energetically negligible. Rather than inserting radiation
in the (51), a more general approach in this sense is to
consider the Hubble parameter descending from a unified
model like those discussed in [48]. In such a scheme one
takes into account energy density which scales as :
ρ(z) = A
(
1 +
1 + z
1 + zs
)β−α [
1 +
(
1 + z
1 + zb
)α]
(57)
having defined :
zs = 1/s− 1 , zb = 1/b− 1 . (58)
This model, with the choice (α, β) = (3, 4), is able to
mimic a universe undergoing first a radiation dominated
era (for z ≫ zs), then a matter dominated phase (for
zb ≪ z ≪ zs) and finally approaching a de Sitter phase
with constant energy. In other words it works in the way
we are asking for. In such a case, the Hubble parame-
ter can be written, in natural units, as H =
√
ρ(z)
3 and
one can perform the same calculation as in the quiessence
case. As final result, it is again possible to find out a suit-
able f(R)-gravity model which, for numerical reasons, it
is preferable to interpolate as f(R)/R :
f(R)
R
= 1.02× R
R0
[
1 +
(
−0.04× ( R
R0
)0.31
+0.69× ( R
R0
)−0.53
)
× ln( R
R0
)
]
, (59)
where R0 is a normalization constant. This result once
more confutes issues addressing modified gravity as in-
compatible with structure formation prescriptions. In
fact, also in this case, it is straightforward to show that
a phase of ordinary matter (radiation and dust) domina-
tion can be obtained and it is followed by an accelerated
phase.
4. In this paper we have discussed the possibility, in
the framework of f(R)-gravity models, to obtain a stan-
dard matter phase followed by accelerated expansion. We
have faced this task following two different lines: in a
first case, assuming a gravity Lagrangian ∝ R − c1R−n
we have outlined the mapping of f(R) gravity from the
Jordan Frame to the Einstein one by means of a con-
formal transformation. We have showed that, as mat-
ter of fact, dust matter domination is possible in this
approach and a late time accelerating phase naturally
arises. When a minimally coupled scalar field Lagrangian
is mapped back into the Jordan frame, one can deduce
that modified gravity can imply an effective fluid contri-
bution whose origin is the geometrical counterpart. The
consequent EoS (31) shows a constant barotropic index
which, in relation to the choice of the model parame-
ter n, can provide behaviours compatible with ordinary
matter evolutions. Furthermore, such a parameterization
allows also to describe phantom-like regimes, which turn
out to be inspired by f(R)-gravity. When a mapping
into the Einstein frame is considered, this solution does
not give H˙ > 0 so that the phantom - like behaviour is
lost. This means that the conformal transformation does
not necessarily imply physical equivalence of solutions
and this difference among the two frames could repre-
sent a pathology of back mapping conformal frame solu-
tions. The debate on this point is recently growing and
several studies have been pursued in this direction (see
e.g. [38]). In order to avoid pathologies related to the
conformal transformation of solutions, another approach
can be pursued, discussing the viability of dust matter
8regimes directly in the Jordan Frame. We have exploited
a reconstruction procedure of f(R)-gravity by means of
the phenomenological (or observational) knowledge of the
Hubble parameter in term of the redshift. The H(z) rate
can be inspired by data fitting of speculative models like
Q-essence or by means of unified schemes considering an
ordinary matter-dominated expansion followed by a late
time acceleration. Since in both cases f(R)-gravity is
compatible with the assumed H(z), one can conclude
that modified gravity is sufficiently versatile to furnish
the dynamics of a viable cosmic evolution.
In summary, it seems that f(R)-models are viable and
cannot be ruled out only assuming mathematical equiv-
alence of conformal transformations. However, consider-
ing simple f(R) = f0R
n models cannot completely solve
the cosmic evolution problem since matter-dominated so-
lutions for n 6= 1 are generally stable and do not give
rise to late-time transitions to accelerated behaviors (see
also [39]). The situation is similar to that faced several
times in inflationary cosmology where graceful exit from
inflation regime can result problematic for simple mod-
els. In other words, f(R) gravity could be the way to
bypass shortcomings as dark energy and dark matter at
cosmological and astrophysical scales taking into account
only observed ingredients as baryons, radiation and grav-
ity but more realistic Lagrangians have to be taken into
account than simple power-law ones.
In the following appendix, we show that it is always
possible to work out a f(R)-model capable of match-
ing with cosmological radiation, matter and accelerating
epochs in succession.
Appendix. Let us consider the reconstruction of mod-
ified gravity. That is, first we consider the proper Hub-
ble rate H , which describes the evolution of the universe,
with radiation dominance, matter dominance, and accel-
erating expansion. It turns out that one can find f(R)-
theory realizing such a cosmology (with or without mat-
ter). The construction is not explicit and we need to solve
the second order differential equation and algebraic equa-
tion. It shows, however, that, at least, in principle, we
could obtain any cosmology by properly reconstructing a
function f(R) on theoretical level.
The starting action is
S =
∫
d4x {P (φ)R +Q(φ) + Lmatter} . (60)
Here P and Q are proper functions of the scalar field φ
and Lmatter is the matter Lagrangian density. Since the
scalar field does not have a kinetic term, we may regard
φ as an axilliary field. In fact, by the variation of φ, it
follows
0 = P ′(φ)R +Q′(φ) , (61)
which may be solved with respect to φ:
φ = φ(R) . (62)
By substituting (62) into (60), one obtains f(R)-gravity:
S =
∫
d4x {f(R) + Lmatter} ,
f(R) ≡ P (φ(R))R +Q(φ(R)) . (63)
By the variation of the action (60) with respect to the
metric gµν , we obtain
0 = −1
2
gµν {P (φ)R +Q(φ)} −RµνP (φ)
+∇µ∇νP (φ)− gµν∇2P (φ) + 1
2
Tµν . (64)
FRW equations are
0 = −6H2P (φ) −Q(φ)− 6HdP (φ(t))
dt
+ ρ , (65)
0 =
(
4H˙ + 6H2
)
P (φ) +Q(φ)
+2
d2P (φ(t))
dt
+ 4H
dP (φ(t))
dt
+ p . (66)
By combining (64) and (65) and deleting Q(φ), we find
the following equation
0 = 2
d2P (φ(t))
dt2
− 2HdP (φ(t))
dφ
+4H˙P (φ)+ p+ ρ . (67)
As one can redefine the scalar field φ properly, we may
choose
φ = t . (68)
We also assume, as matter, for example, a combination
of the radiation and dust:
ρ = ρr0a
−4 + ρd0a
−3 , p =
ρr0
3
a−4 . (69)
Here ρr0 and ρd0 are constants. If the scale factor a is
given by a proper function g(t) as
a = a0e
g(t) , (70)
with a constant a0, Eq.(66) reduces to the second rank
differential equation:
0 = 2
d2P (φ)
dφ2
+ 4g′′(φ)P (φ) − 2g′(φ)dP (φ))
dt
+
4
3
ρr0a
−4
0 e
−4g(φ) + ρd0a
−3
0 e
−3g(φ) . (71)
In principle, by solving (71) we find the form of P (φ).
Then by using (65) (or equivalently (66)), we also find
the form of Q(φ) as
Q(φ) = −6 (g′(φ))2 P (φ)− 6g′(φ)dP (φ)
dφ
+ρr0a
−4
0 e
−4g(φ) + ρd0a
−3
0 e
−3g(φ) . (72)
9Then in principle, any cosmology expressed as (70) can
be realized by f(R)-gravity.
For example, we consider the case
g′(φ) = g0 +
g1
φ
, (73)
and without matter ρ = p = 0 for simplicity. Then
Eq.(71) reduces as
0 =
d2P
dφ2
−
(
g0 +
g1
φ
)
dP
dφ
− 2g1
φ2
P , (74)
whose solutions are given by the Kummer function (hy-
pergeometric function of confluent type) as
P = zαFK(α, γ; z) , z
1−γFK(α−γ+1, 2−γ; z) . (75)
Here
z ≡ g0φ , α ≡ 1 + g1 ±
√
g21 + 2g1 + 9
4
,
γ ≡ 1±
√
g21 + 2g1 + 9
2
, (76)
and the Kummer function is defined by
FK(α, γ; z) =
∞∑
n=0
α(α + 1) · · · (α+ n− 1)
γ(γ + 1) · · · (γ + n− 1)
zn
n!
. (77)
Eq.(73) tells that the Hubble rate H is given by
H = g0 +
g1
t
. (78)
Then when t is small, as H ∼ g1/t, the universe is
filled with a perfect fluid with the EoS parameter w =
−1 + 2/3g1. On the other hand when t is large H ap-
proaches to constant H → g0 and the universe looks as
deSitter space. This shows the possibility of the tran-
sition from matter dominated phase to the accelerating
phase. Similarly, one can construct modified gravity ac-
tion describing other epochs bearing in mind that form of
the modified gravity action is different at different epochs
(for instance, in inflationary epoch it is different from the
form at late-time universe).
We now investigate the asymptotic forms of f(R) in
(63) corresponding to (73). When φ and therefore t are
small, we find
P ∼ P0φα , Q ∼ −6P0g1 (g1 + α)φα−2 . (79)
Here P0 is a constant. Then by using (61), we find
φ2 ∼ 6g1 (g1 + α) (α− 2)
αR
, (80)
which gives
f(R) ∼ − 2P0
α− 2
{
6g1 (g1 + α) (α− 2)
α
}α/2
R1−
α
2 . (81)
On the other hand, when φ and therefore t are positive
and large, one gets
P ∼ P˜0φ2α−γeg0φ
(
1 +
(1 − α)(γ − α)
g0φ
)
Q ∼ −12g20P˜0φ2α−γeg0φ
×
(
1 +
−9 + 12α− 5γ − 2αγ + 2α2
2g0φ
)
φ ∼ −
9
2 + 9α− 72γ
g0
(
R
12g20
− 1
) . (82)
Here P˜0 is a constant. Then we find
f(R) ∼ 12g20P˜0
{
1
g0
(
−9
2
+ 9α− 7
2
γ
)}2α−γ
×
(
R
12g20
− 1
)−2α+γ+1
× exp
(
− 92 + 9α− 72γ
R
12g20
− 1
)
. (83)
This shows the principal possibility of unification of
matter-dominated phase, transition to acceleration and
late-time speed up.
Acknoweledgements. We are grateful to A. Starobin-
sky and V.F. Cardone for useful remarks which allowed
to improve the paper. We thank also L. Amendola and
S. Tsujikawa for discussions and comments on the topic.
The research by SDO was supported in part by LRSS
project n4489.2006.02(Russia), by RFBR grant 06-01-
00609 (Russia), by project FIS2005-01181(MEC, Spain).
[1] A. G. Riess, et al., Astroph. J. 607, 665 (2004).
[2] D. N. Spergel et al., Astroph. J. Suppl. 148, 175 (2003).
[3] S. Cole, et al., Mon. Not. Roy. Astron. Soc. 362, 505
(2005).
[4] L. Perivolaropoulos, arXiv:astro-ph/0601014; H. Jassal,
J. Bagla and T. Padmanabhan, arXiv:astro-ph/0506748.
[5] T. Padmanabhan, arXiv:astro-ph/0603114.
[6] E. J. Copeland, M.Sami, S. Tsujikawa,
arXiv:hep-th/0603057.
[7] N. A. Bahcall, J. P. Ostriker, S. Perlmutter, P. J. Stein-
10
hardt, Science 284, 1481 (1999).
[8] L. M. Krauss, Lectures given at XIV Canary
Islands Winter School in Astrophysics, 2002,
[arXiv:astro-ph/0406673].
[9] R. P. Woodard, in Proceedings for the 3rd Aegean Sum-
mer School (Chios, 26 September - 1 October, 2005),
[arXiv:astro-ph/0601672].
[10] S. Nojiri, S. D. Odintsov, arXiv:hep-th/0601213.
[11] C. M. Will, Theory and Experiments in Gravitational
Physics, Cambridge University Press, Cambridge (UK)
(1993).
[12] R. Kerner, Gen. Rel. Grav. 14, 453 (1982); J. Barrow
and A. Ottewill, J. Phys. A16, 2757 (1983); T. Clifton
and J. Barrow, gr-qc/0601118.
[13] H. J. Schmidt, Lectures on Mathematical Cosmology,
(2004), arXiv:gr-qc/0407095.
[14] A. A. Starobinsky, Phys. Lett. B 91, 99 (1980).
[15] S. Capozziello, Int. J. Mod. Phys. D 11, 483 ( 2002);
S. Capozziello, S. Carloni, A. Troisi, 2003, in Recent
Research Developments in Astronomy and Astrophysics,
RSP/AA/21-2003, arXiv:astro-ph/0303041.
[16] S. M. Carroll, V. Duvvuri, M. Trodden and M. S. Turner,
Phys. Rev. D 70, 043528 (2004).
[17] S. Nojiri and S. D. Odintsov, Phys. Rev. D 68, 123512
(2003).
[18] S. D. Odintsov, S. Nojiri, Gen. Rel. Grav. 36,1765 (2004)
[arXiv:hep-th/0308176]; Mod. Phys. Lett. A 19, 627
(2004) [arXiv:hep-th/0308176]; M. C. B. Abdalla, S. No-
jiri and S. D. Odintsov, Class. Quant. Grav. 22, L35
(2005) [arXiv:hep-th/0409177].
[19] N. D. Birrell, P. C. W. Davies, Quantum Fields in
Curved Space, Cambridge University Press, Cambridge
(UK) (1982); I. L. Buchbinder, S. D. Odintsov and
I. L. Shapiro, Effective Action in Quantum Gravity, IOP,
Bristol/Philadelphia (1992).
[20] S. D. Odintsov, S. Nojiri, Phys. Lett. B 576, 5 (2003).
[21] S. Capozziello, S. Carloni, V. F. Cardone, A. Troisi, Int.
J. Mod. Phys. D 12, 1969 (2003).
[22] J. C. Hwang, H. Noh, Phys. Lett. B 506, 13 (2001).
[23] S. Capozziello, in Quantum Gravity Research Trends Ed.
A. Reimer, pp. 227-276, Nova Science Publishers Inc.,
NY 2005, [arXiv:gr-qc/0412088]; X. Meng, P. Wang,
Gen. Rel. Grav. 36, 1947 (2004); A. Dominguez,
D. Barraco, Phys. Rev. D 70, 043505 (2004);
T. Koivisto, arXiv:gr-qc/0505128; T. Sotiriou,
arXiv:gr-qc/0507027; arXiv:gr-qc/0512017; J. Cem-
branos, arXiv:gr-qc/0507039; G. Olmo, Phys. Rev.
D 72, 083505 (2005); M. Amarzguioui, O. Elgaroy,
D. F. Mota, T. Multamaki, arXiv:astro-ph/0510519.
[24] S. Capozziello, A. Troisi, Phys. Rev. D 72, 044022
(2005); G. Allemandi, M. Francaviglia, M. L. Rug-
giero, A. Tartaglia, Gen. Rel. Grav. 37, 1891 (2005);
C. G. Shao, R. G. Cai, B. Wang, R. K. Su, Phys. Lett.
B 633, 164 (2006).
[25] C. Will, N. Yunes, Class. Quantum Grav. 21, 4367
(2004); S.G. Turyshev, M. Shao M., K.L. Nordtvedt,
arXiv: gr-qc/0601035.
[26] MOND http://www.astro.umd.edu∼ssm/mond/.
[27] I. Navarro, K. Van Acoleyen, arXiv:astro-ph/0512109.
[28] Y. M. Cho, Class. Quantum Grav. 14, 2963 (1997).
[29] S. Capozziello, R. de Ritis, A. A. Marino, Class. Quan-
tum Grav. 14, 3243 (1997).
[30] V. Faraoni, E. Gunzig and P. Nardone, Fund. Cosm.
Phys. 20, 121 (1999); J. Barrow, S. Cotsakis, Phys. Lett.
B 214, 515 (1988).
[31] J. L. Crooks, P. H. Frampton, arXiv:astro-ph/06010151.
[32] S. Kalara, N. Kaloper, K. A. Olive, Nucl. Phys. B 341,
252 (1990).
[33] V. Faraoni, Phys. Rev. D 62, 023504 (2000).
[34] J. Hwang, Class. Quantum Grav. 14, 1981 (1997).
[35] J. Hwang, Phys. Rev. D 53, 762 (1996); J. Hwang,
H. Noh, Phys. Rev. D 54, 1460 (1996).
[36] V. Gorini, A. Kamenshchik, U. Moschella, V. Pasquier,
A. Starobinsky, Phys. Rev. D 72, 103518 (2005).
[37] S. Capozziello, S. Nojiri and S. D. Odintsov, Phys. Lett.
B 634, 93 (2006).
[38] L. Amendola, D. Polarski, S Tsujikawa,
arXiv:astro-ph/0603703.
[39] L. Amendola, D. Polarski, S Tsujikawa,
arXiv:astro-ph/0605384.
[40] S. Nojiri, S. D. Odintsov, arXiv:hep-th/0506212;
S. Capozziello, S. Nojiri, S. D. Odintsov, Phys. Lett. B
632, 597 (2006) [arXiv:hep-th/0507182].
[41] T. Sotiriou, arXiv:gr-qc/0604028.
[42] S. Capozziello, V.F. Cardone, A. Troisi,
arXiv:astro-ph/0602349.
[43] S. Capozziello, V.F. Cardone, A. Troisi,
arXiv:astro-ph/0603522.
[44] S. Carloni, P. Dunsby, S. Capozziello, A. Troisi, Class.
Quant. Grav. 22, 4839 (2005).
[45] S. Capozziello, V. F. Cardone, A. Troisi, Phys. Rev. D
71, 043503 (2005).
[46] S. Capozziello, V. F. Cardone, E. Piedipalumbo,
C. Rubano, Class. Quant. Grav. 23, 1205 (2006).
[47] S. Hannestad, E. Mortsell, Phys. Rev. D 66, 0635088
(2002); A. Melchiorri, L. Mersini, C. J. Odman, M. Trod-
den, Phys. Rev. D 68, 043509 (2003); S. Hannestad,
E. Mortsell, JCAP 0409, 001 (2004).
[48] V. F. Cardone, A. Troisi, S. Capozziello, Phys. Rev. D
69, 083517 (2004).
